In this paper, we define a class of relative derived functors in terms of left or right weak flat resolutions to compute the weak flat dimension of modules. Moreover, we investigate two classes of modules larger than that of weak injective and weak flat modules, study the existence of covers and preenvelopes, and give some applications.
Introduction
Throughout R is an associative ring with identity and all modules are unitary. Unless stated otherwise, an R-module will be understood to be a left R-module. We denote by M + the character module of a module M . For unexplained concepts and notations, we refer the readers to [8, 23] .
In the theory of homological algebra, injective modules play an important and basic role in various aspects, especially for characterizing Noetherian rings. In 1970, to generalize the homological properties from Noetherian rings to coherent rings, Stenström introduced the notion of FP-injective modules in [24] .
In this process, finitely generated modules should in general be replaced by finitely presented modules.
Recall that an R-module M is called FP-injective (or absolutely pure [17] ) if Ext and explore their intimate connections (see Proposition 2.6, 2.8 and 2.9).
In Section 3, as some applications, we characterize the weak flat dimension of modules in terms of the relative derived functor Ext WF n (−, −) which completes the analogous results of Gao and Huang in [9] .
In the relative homological algebra, it has become an active branch of algebra to study the existence of envelopes and covers by different classes of modules, especially after the appearance of these concepts in [7] (with the terminology envelopes and covers) and in [3] (with the terminology minimal left and right approximations). For instance, Enochs et al. in [1] studied the existence of envelopes and covers by modules of finite injective and projective dimensions. They showed that every module has an I ≤n -preenvelope ( [1, Prop. 3.1] ) and, over a left perfect ring, every module has a P ≤n -cover ( [1, Cor. 4 
.3])
where I ≤n and P ≤n denote the classes of modules of injective and projective dimensions at most n respectively. Hence, as a more general and new setting, in Section 4, we investigate two classes of modules with richer contents, namely WI ≤n and WF ≤n for some non-negative integer n. We show that
• WI ≤n are both covering and preenveloping, and (1) wid S (M ) = wfd S (Hom R (M, E)) for a faithfully injective right R-module E;
(2) wfd R (M ) = wid R (Hom S (M, E)) for a faithfully injective left S-module E.
Proof.
(1) For any super finitely presented left S-module L and any n ≥ 0, Tor
Therefore, wid S (M ) = wfd S (Hom R (M, E)). 
for any left R-module L and any n ≥ 0. So we have
Therefore, wfd R (M ) = wid R (Hom S (M, E)). 
Weak derived functors
Definition 2.5. ([8, Def. 6.1.1]) Let C be a class of R-modules. By a C-preenvelope of an R-module M , one means a morphism ϕ : M → C with C ∈ C such that for any morphism f : M → C ′ with C ′ ∈ C, there exists a morphism g : C → C ′ such that gϕ = f , that is, there is the following commutative diagram:
In addition, if when C ′ = C and f = ϕ, the only such g are automorphisms of C, then ϕ :
Dually, one may give the notion of C-(pre)cover of a module. Note that C-envelopes and C-covers may not exist in general, but if they exist, they are unique up to isomorphism ( [8] ).
In what follows, we denote by R M (resp. M R ) the category of left (resp. right) R-modules.
Following [9, Thm. 3.4] , every R-module has a weak injective preenvelope. So every R-module M has a right WI-resolution, that is, there is a complex
with each W i weak injective such that the functor Hom R (−, W ) makes this complex exact for every weak injective R-module W . Note that since every injective R-module is weak injective, the above complex is also exact.
On the other hand, every R-module has a weak injective (pre)cover by [9, Thm. 3.1] . So every R-module M has a left WI-resolution, that is, there is a complex 
denote the nth left derived functor of Hom R (−, −) with respect to the pair WI × WI. Then for any two
may be computed by using a right WI-resolution of M or a left WI-resolution of N ( [9] ).
Following [9, Sec. 3] or [6, Thm. 12] , every right R-module has a weak flat (pre)cover. So every right R-module M has a left WF -resolution, that is, there is a complex
with each W i weak flat such that the functor Hom R (W, −) makes this complex exact for every weak flat right R-module W . Since every projective right R-module is weak flat, this complex is also exact.
On the other hand, every right R-module has a weak flat preenvelope by [11, Thm. 2.15] . So every right R-module M has a right WF -resolution, that is, there is a complex In the following, we will establish some isomorphism theorems about the relative (co)homological (1) If L is a right R-module, M an R-S-bimodule and N an injective right S-module, then we have
for any non-negative integer n.
(2) If L is an S-R-bimodule, M a left R-module and N an injective left S-module, then we have
Since N is an injective right S-module, the functor Hom S (−, N ) is exact. Hence we have the following isomorphisms:
Since N is an injective left S-module, the functor Hom S (−, N ) is exact. Hence we have the following isomorphisms: N ) ).
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By setting S = Z and N = Q/Z in Proposition 2.6, we have the following corollary.
Corollary 2.7. Let M be a right R-module and N a left R-module. Then
Proposition 2.8. Let R and S be rings.
(2) If L is an S-R-bimodule, M a projective right S-module and N a right R-module, then
Since M is a projective left S-module, the functor Hom S (M, −) is exact, and hence we have the following isomorphisms:
right S-module, the functor L ⊗ S − is exact, and hence we have the following isomorphisms:
Proposition 2.9. Let R be a commutative ring and M a projective R-module. For any R-modules L and N , we have
Proof. (1) The first isomorphism follows immediately from Proposition 2.8(1). On the other hand, let
For any super finitely presented Rmodule F , since M is projective, we may obtain that Hom R (M, W i ) is weak injective from the following isomorphisms: Ext 
(2) The first isomorphism follows immediately from Proposition 2.8(2). On the other hand, let W F :
Since M is projective, it is easy to verify that each Hom R (M, W i ) is weak flat, and the complex
is exact for any weak flat R-module W . So the complex Hom R (M, W F ) is a left WF-resolution of Hom R (M, N ). Thus we have the following isomorphisms: 
and for any right R-module M and any R-module L, there exists a canonical map
We recall from [8] 
exact, and in this case, the morphism L → M (resp. M → N ) is called a pure monomorphism (resp. a pure epimorphism). An R-module P is said to be pure projective (resp. pure injective) if the functor Hom R (P, −) (resp. Hom R (−, P )) is exact with respect to all short pure exact sequences. (1) M is weak injective;
R-module. Then we have the following deleted complex
So we have the following commutative diagram:
Thus d 0 * is an epimorphism by hypothesis, and hence d 0 is a pure epimorphism. That is, the sequence (1) M is weak flat;
is an epimorphism for every right R-module N ;
is an epimorphism for every pure injective right R-module N ;
is an epimorphism; (6) and (7) ⇒ (8) are trivial.
(1) ⇔ (7) follows from [9, Prop. 5.4]. (6) ⇒ (1). Let f : W 0 → M be a weak flat precover of M . By hypothesis, it is easy to verify that
+ → 0 is also exact. Consider the following commutative diagram:
Note that g is an isomorphism by adjoint isomorphism, and f is also an isomorphism by Corollary 2.7. 
So the sequence Ext
functor Hom R (L, −) to it, we have the following exact sequence
is a monomorphism.
(2) ⇒ (3) is trivial. 
for every pure projective right R-module L.
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Consider the following commutative diagram:
Note that σ W0 is an epimorphism by Proposition 3.2 and σ M is a monomorphism by assumption. So σ K is an epimorphism by Snake Lemma. Thus K is weak flat by Proposition 3.2, and hence wfd R (M ) ≤ 1.
Proposition 3.4. Let n ≥ 2. Then the following are equivalent for a right R-module M : Proof. (1) ⇒ (2) . By hypothesis, we may take a left WF-resolution of M as follows:
Clearly, Ext
WF n+k (L, M ) = 0 for all right R-module L and all k ≥ 1. Moreover, from the exactness of the following sequence
we may obtain that Ext
(2) ⇒ (3) ⇒ (5) ⇒ (7) and (2) ⇒ (4) ⇒ (6) ⇒ (7) are trivial.
be a left WF -resolution of M and K n = Imd n . Then we have the following commutative diagram:
In order to prove that wfd R (M ) ≤ n, we only suffices to show that K n is weak flat. Note that the class of weak flat R-modules is closed under pure quotients. So we may get the desired result just by proving that π is a pure epimorphism.
By assumption, Ext
WF n−1 (L, M ) = 0 for every finitely presented right R-module L, which means that the sequence
is exact. In the following, we will prove that the sequence Hom R (L, W n ) π * → Hom R (L, K n ) → 0 is exact for any finitely presented right R-module L. Take any α ∈ Hom R (L, K n ). Since d n−1 * i * (α) = 0, we have iα = i * (α) ∈ Kerd n−1 * = Imd n * . Thus there exists β ∈ Hom R (L, W n ) such that iα = d n * (β) = d n β = iπβ. Moreover, since i is monic, we have α = πβ = π * (β). So π * is epic, and hence π is pure epic, as desired. In this section, we will investigate two classes of modules, namely modules of weak injective dimension at most n and that of weak flat dimension at most n respectively, and prove the existence of the corresponding covers and preenvelopes. We mainly use a result of Holm and Jørgensen in [16] . Let n be a fixed non-negative integer. We denote by WI ≤n and WF ≤n the classes of modules with weak injective dimension and weak flat dimension at most n respectively. Now let {M i } i∈I be a family of R-modules. Choose, for each i ∈ I, a left WF -resolution of M i as follows:
Then there is an exact sequence 
for all R-modules L and all n ≥ 0. 
for any R-module L and any n ≥ 0. Following this isomorphism and [9, Thm. (1) R R has weak injective dimension at most n;
(2) Every right R-module has a monic WF ≤n -preenvelope;
(3) Every R-module has an epic WI ≤n -cover; (4) Every injective right R-module has weak flat dimension at most n;
(5) Every projective R-module has weak injective dimension at most n; (1) ⇒ (3). Let M be an R-module. Then there is a WI ≤n -cover ψ :
Since R R has weak injective dimension at most n by (1), L has weak injective dimension at most n. Hence, there exists a map g : L → W such that ψg = f . Since f is epic, we can get that ψ : W → M is also epic.
(3) ⇒ (5). Let P be a projective R-module. By (3), there is an exact sequence 0 → K → W → P → 0 with W ∈ WI ≤n . Moreover, this sequence is split, so P belongs to WI ≤n as a direct summand of W . Proof.
(1) ⇒ (7). Let M be an R-module and f : W → M a WI ≤n -precover. By (1), there exists a monic WI ≤n -precover g :
K is in WI ≤n as a direct summand of W .
(7) ⇒ (5). Let N be a quotient of a weak injective R-module M . By Theorem 4.9, there is a
Then we have the following commutative diagram:
In particular, we get an exact sequence 0 → K → W → N → 0. Now since K ∈ WI ≤n by (7), and W ∈ WI ≤n , we obtain that N ∈ WI ≤n from the induced long exact sequence.
(5) ⇒ (3). Let M be an R-module and M → W 0 a weak injective preenvelope which is monic. Let
. Then N has weak injective dimension at most n by (5), that is, there exists an
By assembling these two sequences, we will have that M has weak injective dimension at most n + 1. (9) and [11, Thm. 3.8(2) ], and hence Ext n+2 R (F, L) = 0. Therefore, Ext n+1 R (F, N ) = 0, which means that wid R (N ) ≤ n, that is, WI ≤n is closed under quotients. Moreover, since WI ≤n is closed under coproducts, it follows from [12, Prop. 4] that every R-module has a monic WI ≤n -cover.
Dually, (2) ⇒ (8) ⇒ (6) ⇒ (4) and (9) ⇒ (2) hold.
Applications: the orthogonal class of WI ≤n
Let C be a class of R-modules. We fix some notations as follows:
For an R-module M , by Theorem 4.8 there exists a monomorphism M → W with W ∈ WI ≤n , and hence we get an exact sequence 0 → M → W → N → 0. If M ∈ WI ≤n ⊥ , then it is easy to verify that W → N is an epic WI ≤n -precover of N . In fact, we have Proposition 4.13. For an R-module M , M ∈ WI ≤n ⊥ if and only if for every short exact sequence
Proof. ⇒ Easy. 
Comparing it with the above exact sequence, we will have that Ext
Similarly, we have
The converse holds if moreover For any W ∈ WI ≤n , since W + ∈ WF ≤n , we have an exact sequence Hom R (F,
On the other hand, by applying the functor − ⊗ R W to the previous short exact sequence, we get the following exact sequence
Therefore, we have Tor
For the converse, since M is finitely presented, by definition there is an exact sequence 0 → K → P → M → 0 with P finitely generated projective and K finitely generated. To end the proof, it suffices to prove that K → P is a WF ≤n -preenvelope, or equivalently prove that the sequence Hom R (P, W ) → [23, Lem. 3 .55], κ P is an isomorphism. Now since K is finitely generated, there is an exact sequence P ′ → K → 0 with P ′ finitely generated projective. Consider the following commutative diagram:
Since κ P ′ is an isomorphism, κ K is an epimorphism. Therefore, from the first commutative diagram we get that 0 → Hom R (P, W ) → Hom R (K, W ) is exact, as desired.
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We denote by I and F the classes of injective and flat R(resp. right R)-modules respectively. 
we have M + ∈ WI ≤n+1 by Corollary 2.4, and hence M + ∈ I by (1). This implies that M is flat. Thus
The cotorsion theory plays a crucial role in the study of the existence of covers and envelopes. Recall We have known that the class WI ≤n is covering by Theorem 4.9. In the following, we will prove that Proof. The hereditary property follows from the fact that if there is an exact sequence 0 → X → Y → Z → 0 with Y, Z ∈ WF ≤n , then X ∈ WF ≤n .
More descriptions on the case n=0
Recall that a C-envelope ϕ : M → C of M is said to have the unique mapping property [5] if the morphism g in the diagram (2.1) of Definition 2.5 is unique; and a monomorphism ϕ : M → C with C ∈ C is said to be a special C-preenvelope [8] of M if Cokerϕ ∈ ⊥ C. Dually, one has the notions of C-covers with unique mapping property and special C-preenvelopes of a module. (1) Every R-module has a weak injective cover with the unique mapping property;
(1) ⇒ (2). Let M be any R-module. From the previous argument, we have the following two exact sequences:
where ǫ 0 and ǫ 1 are special weak injective preenvelopes of M and V 1 , respectively, and thus V 1 , V 2 ∈ ⊥ WI. Assembling these two sequences, we get the following commutative diagram:
where the top row is exact. In the following, we will prove that V 2 is weak injective.
Let ε : W → V 2 be a weak injective cover with the unique mapping property. Then there exists 
Since εην 1 = εδ = ν 1 and ν 1 is epic, we have εη = 1 V 2 . Thus V 2 is weak injective as a direct summand of W , and hence wid R (M ) ≤ 2. Therefore, l. sp. gldim(R) ≤ 2 by [11, Thm. 3.8] . 
Since ǫ(qπ) = (ǫq)π = ηπ = ǫ and ǫ is a cover, qπ is an isomorphism, and thus π is monic. Therefore, δ = 0, as desired.
As is known to all, every module has a weak injective preenvelope, however, weak injective envelopes may not exist in general. Now we give a sufficient condition to ensure the existence of weak injective envelopes. Under the assumption of the existence of weak injective envelopes, we will have the following conclusions. 
